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Abstract 

We consider functions u G L°°(L 2 ) n L p iW 1 '' p ) with 1 < p < oo on a time 
Q-[ space domain. Solutions to non-linear evolutionary PDE's typically belong 

to these spaces. Many applications require a Lipschitz approximation u\ 



of u which coincides with u on a large set. For problems arising in fluid 
mechanics one needs to work with solenoidal (divergence-free) functions. 
Thus, we construct a Lipschitz approximation, which is also solenoidal. As 
an application we re vise the existence proof for non-stationary generalized 
Newtonian fluids in IdrwioI ]. Since divu^ = 0, we are able to work in the 
pressure free formulation, which heavily simplifies the proof. We also pro- 
vide a simp lified approach to the stationary solenoidal Lipschitz truncation 



of 



BDFl^ 
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1. Introduction 

The purpose of the Lipschitz truncation technique is to approximate a 
Sobolev function u G W 1,p by A-Lipschitz functions u\ that coincide with u 
up to a set of small measure. The functions u\ are constructed non-linearly 
by modifying u on the level set of the Hardy-Littlewood m aximal function of 
the gradient Vu. This idea goes back to Acerbi and Fusco AF88I ]. Lipschitz 



truncations are used in various areas of analysis: calculus of variations, in 
the existence theor y of part ial differential equations, and in the regularity 



theory. We refer to DMS08I ] for a longer list of references. 

We are interested in the motion of incompressible fluids. The balance of 
momentum reads in the stationary case as 

divS = (Vv)v + Vtt - f , (1.1) 
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where v is the velocity, (Vv)v := (vidiVj)i<j< n denotes the convective term, 
S is the stress deviator, ir the pressure, and f is the external force. In order 
to prescribe the properties of a special fluid one needs a constitutive law 
which relates S and the symmetric gradient e(v) := |(Vv + Vv T ) of the 
velocity field. T he most common model for Non-Newtonian fluids is (see 



AM74 |BAH8Zfl ) 



S = (K + |e(v)|r 2 e(v), 



X2) 



where k > and 1 < p < oo. Such fluids are sometimes called general- 
ized Newtonian fluids. From the mathemat ical po i nt of v i ew this problem 
was firstly investigated by Ladyzhenskaya [Lad67l . lLad6«L lLad69j ] and Li- 



ons |Lio69l ] in the late sixties. The existence of a weak solution v € W % v (ty 
to (|l.ip - (|1.2p is today quite standard provided p > ^pg. Here the solution 
is an admissible test function to the weak equation and one can directly 
apply the monotone operator theory. For smaller v alues of p the Lipschitz 
truncation was firstly used in the fluid context in FMS03I ]. the existence 
of a weak solution was shown provided p > The idea is to rewrite 

(Vv)v as div(v ® v) (using divv = 0) and apply the Lipschit z truncation 
to our test function. The technique was improved in DMS08I ]. where also 
electro-rheological fluids were considered. In this paper the estimate 

l|Vu A X{ u ^ UA }||p < 5(A), 

where 5(X) — > for a suitable sequence A — > oo. This implies the convergence 
\i\ — > u (for A — > oo) in W 1 ^ which does not follow from the results of 



Acerbi-Fusco in [AF88J. 

For the system (jl.ip it is often convenient to work with the so called 
pressure free formulation. This is achieved by the use of solenoidal (i.e. 
divergence-free) test functions, since they are orthogonal to the pressure 
gradient. The problem of the standard Lipschitz truncation is, that it does 
not conserve the solenoidal property. The easiest strategy to overcome this 
deficit is to correct the functions w\ by means of the Bogovskh operator. 
This operator works nice in the uniform convex setting, i.e. on L p with 
1 < p < oo. However, it cannot be used in the non-uniform convex setting, 
e.g. L 1 , L°° or L h with h(t) = tln(l + 1), since the Bogovskh correction is 
a singular integral operator. So in the limit cases the Bogovskh-corrected 
Lipschitz truncation loses some of its important fine properties. This is 



particular the case in the setting of Prandtl-Eyring fluids (see Evr3 
where the constitutive relation reads as 



_ log(l + |s(v)|) 
S " k(v)| £(V) - 



;i.3) 



To overcome these p roblems one needs a solenoidal Lipschitz truncation. 
Therefore in [BDF12I ] a truncation method was developed which allows to 
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approximate u G W^E(Q) by a solenoidal Lipschitz function u A without 
loosing the fine properties of the truncation. 

Now, let us turn to the parabolic problem: the balance of momentum 
reads as 

-d t u + divS = (Vu)u + Vtt - f , (1.4) 

and all involved quantities are defined on the parabolic cube Q := (0, T) x 
f2. Here the situation is much more delicate since the distributional time 
derivative c^v interac ts with t he pressure which also only exists in the sense 
of distributions. In [DRWlOj] it is shown how to get a weak solution to 
(|1.4p provided p > This is based on a parabolic Lipschitz truncation 

and a deep understanding of the pressure. Furt her resu lts about parabolic 
Lipschitz truncation are due to Kinnunen-Lewis KL02j ]. In addition to the 



properties one needs in the stationary setting we need to know what happens 
with the terms (dtu, u A ) ( which app ears if one tests the equation with the 
truncated function u A ). In |PRWlol ] it is shown that 

|(3tu,u A >| <5(X), (1.5) 

where <5(A) — > if A — > oo. The main ingredients are a parabolic Poincare- 
inequality and a suitable scaling. The aim of this paper is to develope a 
Lipschitz truncation u A for a f unctio n u G L p (Wq j iv (fi)) which is in addition 



to the properties in DR WIG . IKL02 ] solenoidal. 

The main motivation for doing so, is to develop an existence theory 
for (non-stationary) generalized Newtonian fluids which completely avoids 
the appearance of the pressure (note that this cannot be done by a Bogov- 
skh-correction) . This heavily s implifies the existence proof for generalized 



Newtonian fluids from DRWlol ]. see Section[3j We expect that o ur appr oach 



will be useful in the i nvestig ation of electro-rheological fluids |Ruz00| | and 
Prandtl-Eyring fluids [Evr3q | . In this situations it is not possible to recon- 
struct the pressure in the right spaces. So the standard Lipschitz truncation 
approach will fail. 

In this paper we will construct a solenoidal Lipschitz truncation. Let 
u G LP {I, W^ Y (n)) be a function with 

J d t u-£dxdt = J G : V£ dx dt for all £ G C^ div (Q), 
Q Q 

where C^° div is the space of compactly supported, smooth, solenoidal func- 
tion. Then there is a function u\ with roughly the following properties (see 
Theorem 12.141 for a precise formulation) . 

(a) Vu A G L°°(BMO) with ||Vu A || < cA and divu A = 0. 
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(b) u A = u a.e. outside a suitable set 0\ and 



\{d t u,u x }\ + ||xo A Vu A || p < c{X p \O x \Y < 5(X), 

with 5(A) — > if A -> oo. 

Let us explain the rough ideas of the construction and some difficulties: 
We start with the open set Ox, where the maximal functions of Vu or G 
is bigger than A. Consider a Whitney decomposition of 0\ into cubes Qi 
with a special parabolic scaling. Let <pi be a subordinate partition of unity. 
On Q \0\ the gradient Vu \ is already bo unded, so we need to change 
the function only on 

O x . In [DRWlrt ElO^ this is done via the following 



construction with mean values u, = (u) 




onQ\0 A , 
on Q n Ox- 



Of course u A is not solenoidal in general. So the first idea is to set 



u A := 



u onQ\C A , 
curl (^(curr 1 !!)) on Q n O x , 



where IIj is a local linear approximation. This approach is very useful in the 
stationary conte xt. It si mplifies the construction of a solenoidal Lipschitz 
truncation from BDF12f |. which was based on local Bogovskh projections. 



We present this new approach in Section HI 

However in the non-stationary situation we are confronted with the fol- 
lowing problem: The L°°-estimates for Vu A require a parabolic Poincare in- 
equality. This needs an information about the distributional time-derivative 
which is connected with the pressure via the equation of motion (see (jl.4p ). 
It is not enough to control <9fU as a functional on the solenoidal test- 
functions. So the construction above leads to a solenoidal Lipschitz trun- 
cation where its time derivative still needs information about the pressure 
and is therefore not very useful. The main problem in our construction is to 
overcome this difficulty which needs a deep understanding of the equation, 
especially the properties of the time derivative. The main idea is to replace 
the constant approximation u.; = (u)Q i by a carefully chosen function which 
is harmonic in space. 

The new solenoidal Lipschitz truncation can be found in Section [2j In 
Section we revisit the existence proof for non-stationary motion of gener- 
alized Newtonian fluids in order to present how useful this approximation 
is. 
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2. Solenoidal truncation — evolutionary case 



In this section we examine solenoidal functions, whose time derivative is 
only well defined via the duality with solenoidal test functions. 

Let Qo = lo x Bq C i x I 3 be a space time cylinder. Let u G 
L a (Io, W$g(B )) and G G L CT (Q ) satisfy 

J d t u ■ £ dx dt = J G : V£ dx dt for all £ G C^ div (Q ), (2.1) 
Qo Qo 

where we use the subscript d; v to denote the subspace of solenoidal functions. 
The goal of this section is to construct a sol enoida l tru ncation u > of u by 
preserving the properties of the truncation in KL02 ] and DRWld ] . In these 



papers, equation (|2.1[) is valid for all £ G Cq°(Q), so one has more control 
of the time derivative c\u. This extra control allo ws to der ive a parabolic 



Poincare estimate for u in terms of Vu and G, see [DRWIOl . Theorem B.l]. 

In our situation we are confronted with the problem, that the time 
derivative dtu is only defined as a functional on solenoidal test functions. 
Therefore, we have not enough control of d +u to der ive a parabolic Poincare 



estimate. This problem was overcome in [DRWIOl ] by introducing a pres- 



sure in (|2.ip . This pressure splits into a pressure related to G and a time 
derivative of a harmonic pressure related to c\u. Then the sum of u and 
the harmonic pressure solves a system of the form f)2. lj) for all test func- 
tions £ G Co°(Q). The truncation technique is then applied to this sum. 
We want to avoid the introduction of the pressure, since it is very inflexible 
and complicates the application of the truncation method. 

Because u and £ are both solenoidal in (|2.1|) . they can both be written as 
the curl of a vector field. This will allow us to rewrite (|2. 1[) as a system that 
is valid for all functions. Since the definition of the curl operator depends 
on the dimension, we will restrict ourselves in the following for simplicity to 
the case n = 3. 

Let us be more precise. First we extend our function u in a suitable way 
on the whole space and then apply the inverse curl operator. 

Let 7 G Cq°(Bq) withxi£ < 7 < Xb , where Bq is a ball. Here 

we use the convention that \Bq is the scaled ball with the same center 
(sa me for cylinde rs) . Let A denote the annulus Bq \ ^Bq. Then according 
to |Bog80l . DcSld ] there exists an Bogovskh operator Bog^ frorrfl Cqq(A) — > 
Cq°(A) which is bounded from Ll(A) -> wl' q (A) for all q G (1, 00) such that 
divBog^ = Id. Define 

u := 7U - Bog A (div(7u)) = 711 - Bog A (V7 • u). 



1 C ^o is the subspace of Cq° whose elements have mean value zero. 
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Then divti = 0on/ x5 and u(t) G (5 ), 

so we can extend u by zero 
in space to u G WJj^(R 3 )). Since u = u on I x i_B , we have 

J d t u • £ dx dt = J G : V£ dx dt for all £ € C ~ div (±Q ). (2.2) 



On the space W^£(M. 3 ) with a > 1 we define the inverse curl operator 
curl -1 by 

curl _1 g := curl(A _1 g) := curlf / - — : — - — rg(y) dy ) . 

\.l 4vr|x-y| ) 

The definition is correct, as in the sense of distributions 

curl(curl -1 g) = curlcurl(A _1 g) = (-A + Vdiv)A _1 g 

= g + Vdiv (i^R* g ) 

= g + V (^j~j * div s 
= g, 

where we used divg = in the last step. Moreover, 

div(curr 1 g) = divcurl(A _1 g) = 0. (2.3) 
Since g i— > V 2 (A _1 g) is a singular integral operator, we have 

llVcurl-^H, < ||V 2 (A- 1 g)|| a < c s \\g\\ s (2.4) 
for s G (l,oo). Analogously, we have 

HVW^gl^ < c s \\Vg\\ s (2.5) 

for s G (1, oo). 

Now, we define point wise in time 

w := curl _1 (u) = curl -1 (711 - Bog Bo \i B() (V7 • u)). 

Overall, we get the following lemma. 
Lemma 2.1. We have 

curlw = u = u on \Qq 
divw = on R 3 
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and 



|w(t)|| Ls(K3) < c s l|u(*)ll L ^j (Bo) 



l|Vw(t)|| is(R3) < C s ||UWIIL S (B ) 

I v2w (*)IIl=(r3) < C s II Vu 



for t G I and s G (1, oo). 

Let us derive from (|2.ip the equation for w. For tj} G C^°(^Qo) we have 

9fU • curl-0 dx dt = J G : Vcurl^ dx dt. 

Qo Qo 

We use u = curlw and partial integration to get 



(9 t w • curlcurh/> dx dt = / G : Vcurh/> dx dt. 

Qo 



Now, because 



J w • dtVdivijj dx dt = J divw <9 t div0 dx dt = 

Qo Qo 

and curlcurl-0 = — A-0 + Vdiv-0 we gain 

J w • d t Atp dx dt = - J G : Vcurty dx dt. (2.6) 

Qo Qo 

for every ip G C^°(^Qo). We can rewrite this as 

J wd t Ai/jdxdt = - Jn-.V 2 ipdxdt, (2.7) 

Qo Qo 

with |G| ~ |H| pointwise. In particular, in the sense of distributions we 
have dt Aw = — curldivG = — divdivH. 

So in passing from u to w we got a system valid for all test func- 
tions V £ Cq°(Qq). However, we only get control of 9fAw, such that the 
time derivative of the harmonic part of w cannot be seen. Hence, a parabolic 
Poincare inequality for w still does not hold; i.e. 5jw is not controlled! In 
order to neckline this invariance we will replace w by some function z such 
that dfAw = dtAz. This will imply that dtz can be controlled by H. To 
define z conveniently we need some auxiliary results. 



7 



For a ball B' C M 3 and a function / G L S (B') we define A~ 2 Af as the 
weak solution F G W 2 ' s (£') of 

J AFAipdx = J fAipdx for all 99 £ C^°(B'). (2.8) 

Then / — A(Ajj, 2 A.f ) is h armon ic on B ' . 

According to [Miil95] and |Wol07l . Lemma 2.1] we have the following 
variational estimate. 

Lemma 2.2. Let s G (1, 00). Then for all g G Wq ,s (B') we have 
||V 2 g|| s < c s sup / AgAcpdx 



I|VV|| S ,<1 B ' 

This implies the following two corollaries: 
Corollary 2.3. Let s G (l,oo). Then 

[ \V 2 (A B fAf)\ s dx <c s sup / fAipdx<c s I \f\ s dx 

l|VV|| s ,<l J 



72,-11 .A& B> 



for f G L S (B'), where c s is independent of the ball B' . 
Proof The claim follows by Lemma [ 



J A(A B fAf)Aipdx = J fAipdx 



and Holder's inequality. □ 
Corollary 2.4. Let s G (1, 00), then 

J \V 3 (A B *Af)\ s dx < c s J \Vf\ s dx, for f G W 1,S (B') 

§B' B> 

j |V 4 (A- 2 A/)| s dx<c s f\V 2 f\ s dx, forf£W 2 ' s (B>), 



3° 



where c s is independent of the ball B' . 



Proof The claim follows from Corollary 12.31 by standard interior regularity 
theory (difference quotients, localization and Poincare). □ 

The next lemma shows the wanted control of the time derivertive. 
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Lemma 2.5. For a cube Q' = I' x B' C Qo let zq/ := AA s 2 Aw. T/ien /or 
s € (1, oo) we have 



f 



f 



zn> 



j- \zq'\ s dx < c s j- |w (Lr 
Q' Q' 

dx + j- |Vzq/| s dx < c s j- |Vw| s dx 

|Q' Q' 



Z Q' 






(r') 2 







(lr + / |V 2 zq/| s dx < c s j- |V 2 w[ s dx, 



/ 

^ |a t z Q / | s dx dt < c s j |H| S dx dt, 



Q' 



Q> 



where r' := r#/. 



Proof. The estimate of zqi in terms of w follows directly by Corollary 
and integration over time. 

The estimates involving Vw and V 2 w follow analogously using Corol- 
lary E31 

For all p G C^(J') and ip € Cg°(S') we get by flZ2J that 



wA<£> dx dtpdt 



H : V 2 <^dx/9dt. 



7' B' 



7' S' 



Let g?^ denote the forward difference quotient in time with step size h. We 
use p(t) := f. p(r) dr with /? E C^(I') and /i sufficiently small. Then 
dtp = d^ h p and 



wA<p dx dt h p dt = - j j H : V V dx ^ p(r) dr dt. 



V B' 
This implies 



/' B' 



t+h 

j J 4wA(pdxpdt = - J J j H(r)dr : V 2 <pdxpdt. 



I' B' I' B' t 

Since this is valid for all choices of p we have 

t+h 



J 4wA<pdx = - J j H(r)dr : V 2 ^dx. 



B' 



B' t 
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Since d\z Q , = df(AA^Aw) = AA^A(^w), it follows by Corollary 
that 



/ \dtZQ/\ s dx ) <c sup / dtwAipdx 
I ' J vec ~(B)7 
"vVll s /<i B 

/ t+h N 

sup I - / f H(r)dr :V 2 ifdx 
=CS°(B) \ J J 
VL'<1 

7/,H( 

£?' t 

Integration over time and passing to the limit h — > proves 



l|vVll s /<i B * 
£c[ J j |H(r)|'Mrd.r ' 



|^z Q /| s dxdtJ < c l^j \H\ s dxdtj . □ 

Q' ' Q' 

We define z(t) := zi Qo (t) = AAj^ Aw(i) for t G |j , then 

y z • <9t AV» dx dt = J w • <9 t Ai/> dxdt = - j H : V 2 ^ dx di, (2.9) 

<2o Qo Qo 



for all V S Cfi°UQo). Since A 7^ w(t) G Wq ,s (~Bq), we can extend it by 

2 

zero to a function from W 2 ' S (R 3 ). In this sense it is natural to extend z(i) 
by zero to a function L S (M 3 ). 



Note that Lemma 12.51 enables us to control dtz by H in L s (^Qq 



Lemma 2.6. We have 



m\\ L ^B )<csMt)\\ L ^ {BQ) 



|Vz(t)|| L .(i Bo ) < C S \\ti(t)\\ La{Bo) 



\\^Mt)\\Ls(l Bo ) <C,||Vu(t)|| zs(jBo) . 

/or i G I and s G (1, oo). 

Proof. This follows from Corollary I2.3| Corollary 12.41 and Lemma 12.11 □ 

Let a > 0. We say that Q' = I'xB' C Mxl 3 is an a-parabolic cylinder if 
rji = ar B ,. For k > we define the scaled cylinder kQ' := (kP) x (kB'). By 
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Q a we denote the set of all a-parabolic cylinders. We define the a-parabolic 
maximal operator A4 a and for s 6 [1, oo) by 



(M a f)(t,x) :-- 



sup f \f(r,y)\dr 



dy, 



(t,x)3Q> :Q'eQ° 

w 

M a s f{t,x) := {M a (\f\ s (t,x)))^ 
It is standard (see e.g. Ste93l |) that for all q £ (s, oo] 



\\M«f\\ Lq{Rn+1) <c\\f\\ Lq(Rn+1) . (2.10) 
For A, a > and a > 1 we define 

Ot ■= {AC( X i Qo |V 2 z|) > A} U {aM a a (x lQo m) > A}. (2.11) 

Later we will choose a = X 2 ~ p and a smaller than the integrability exponent 
of H. 

We want to redefine z on . The first step is to cover 0? by well selected 
cubes. By the lower-semi-continuity property of the maximal functions the 
set O? is open. We assume in the following that O? is non-empty. (In the 
case that is e mpty, we do not need to truncate at all.) 

According to D RWlOl . Lemma 3.1] there exists an a-parabolic Whitney 
covering {Qi} of C? in the following sense: 

(pwi) Ui \Qi = 

(PW2) for all j £ N we have 8Q, C Of and 16Q< n (M n+1 \ Of) + 0, 

(PW3) if Qi r\Q j ^% then \rj < n <2r j? 

(PW4) at every point at most 120™ +2 of the sets 4Qi intersect, 



where rj := r^., the radius of Bi and Qi = l{ x Bi. 

For each Q { we define A { := {j : Qj n Qi ^ 0}. Note that #A { < 120 n+2 
and Tj ~ fj for all j € Aj. With respect to the covering {Qi} there exists a 
partition of unity {^} C C^(R n+1 ) such that 



(PP1) Xl Qi <<Pi<X iQi , 

(PP2) E j <Pj = E j eA i <Pj = 1 °*Qi> 

(PP3) l^il+rilV^I+r^VVtl + orr?!^! < c. 
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Due to property |(PW3)| we have that 16Qj n (M n+1 \ Of) ^ 0. Thus, 
the definition of implies that 

j |V 2 zr X i Qo dxdty < A, (2.12) 
16Qj 



a^j |H| CT X i Qo dxdty < A. (2.13) 
16Q 



Lemma 2.7. Assume that there exists c$ > swc/i i/iai A P |C"| < cq with 
p > ^2 ■ following holds: 

If A > Ao = Ao(co), a = A 2 ~ p and H jQo 0; ^en C 5Q0 

C |Q for all j G A*. 

Proof. Let Qj n |Qo / 0. We claim that Qi C ^Qo C ^Qo- Let Sj := ar-. 
It suffices to show that r^, Sj — > for A — > 00. Because Qi C 0" and by 
Assumption, we find 

A 2 r n+2 = ^^n < A p|g.| < < ^ (2 U) 

1 I _i 

This implies rj < (ccqX ) n + 2 — > for A — > 00. Moreover, rj = s?a 2 
and PJU) imply 

cc > A p Si r™ = A p Sj 2 a-3 = A 2 ?>-" s . 2 . 

If P > then A — )• 00 implies Sj — )• as desired. 

The claim on j € Aj follows by the fact that Qj and have comparable 
size and that ^Qo is strictly contained in |Qo- D 

Let us show that the assumption A p |0°| < cq from Lemma [2. 71 is satisfied 
in our situation. For this we assume from now on that 

a := X 2 - p (2.15) 

and that a < mm{p,p'}. 

Lemma 2.8. Let c := II V 2 zf LP(|Qo) + ||H||^ (|Qo) . Then 

X p \Of<c . 

Proof. If follows from the weak-type estimate of M% , provided a < min{p, p'} 
that 

m < cX-^zf LP(lQo) + c(Aa- 1 )-'||H|r L ' p , (|Qo) 

= cA-(iiv 2 zf LP( , Qo) + iiHir; p , (|Qo) ). 

□ 
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In the following we define Ao such that the conclusion of Lemma 12.71 is 
valid and assume A > Ao- Without loss of generality we can assume further 
that 

j_ i_ 
Ao > ^ j | V 2 z| CT dx dtj ' + r Q 2 ^ j |z| CT dx dt\ ' . (2.16) 

3<2o 3Q0 

We define 

l:={i : QiniQo/0}- 

Then Lemma |2"7T1 implies Qi C |Qo (and Qj C |Qo for j G i 8 ) for all i G X. 
For each i € X we define Zj, hj : Qj — > M 3 using (j2.8|) pointwise in time and 
componentwise in space by 

, . - AA B 2 Az = AA B 2 Aw, (2.17) 



z 



h i: =z- Zi . (2.18) 
In particular, we have Ahj = on B,;, hj = z on Ii x dBi and 

j ZiA^dx = j zA^dx = j wA^dx for all tp G C^{Bi). (2.19) 

Bj Bi B; 

So the functions hj are local, harmonic approximations of z (which is the 
part of w which needs to be controlled). 

We can now define our truncation z^ for A > Ao on \Qq by 

z\ := z - ^ ifiZi = z + ^ Vi( n i - z )- (2.20) 

It suffices to sum over i with Qi n |Qo ^ 0. 

Since the <y?j are locally finite, this sum is pointwise well-defined. We will 
see later that the sum converges also in other topologies. Using = 1 

on jQo, we can write z" also in the following form. 

lEisiV.h, on|g„noj. 

In the following we provide some qualities of the truncation (e.g. Az" € 
L°°(-tQo))- We begin by proving the stability of the truncation. 

Lemma 2.9. Let 1 < s < 00 and z G L S (M; iy 2 ' s (IR 3 )). T/ien fto/ds 

H Z A IL-(iQo) - c H z IIl s (±Qo)' 

||Vz^|| Ls( i Qo) <c||Vz|| zs( i Qo) . 
II V2z aIIls(±Q ) < c ||\7 2 z|| jCs( i Qo) . 
Moreover, the sum inz— z" = XliejV 9 * 2 * ^ n Q2.20P converges in L s (jIq,W 2 ' s (jBq)). 
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Proof. We start with the representation 



We show first that the sum converges absolutely in L p (jQq). 

-z"\ s dx<^2 J \zj\ s dxdt < J |z| s dxdt<c 



/ 



\z\ s dt, 



where we used Lemma 12, 51 (PP1) and the finite intersection property of Qi 



(PW4) 



We have pointwise on \QoD 

V(z - zf) = V ( ^ Vi z i) = ^2 ( V( A* Z * + ( Pi^ Z i) ■ 



All sums are just finite sums, since the family Qi is locally finite. Every 
summand in the last sum belong to L s . We show that ||V(z — z " ) llz, s (i<g ) — 
c || Vz|| is ^iQ o ), which also proves the convergence of the sum in (|2.20p in 

L s (jIq, W 1,s {\Bq)). We estimate with Lemma [2.51 and the locally finiteness 
of the Qi. 



|V(z-z^)| s dxdt 



<c^ J y dxdt + c^2 J |Vzi| s dxdt 
< J |Vz[ s dxdt 



3 l 



< C 



I Vz| s dx dt. 



The estimate involving V 2 z? and V 2 z follows analogously. 



□ 



The truncation z" has better regularity properties than z; indeed, Vz is 
"almost Lipschitz". 



Lemma 2.10. We have for A > Aq 



I Az aHl°°(±Qo) - CA ' 



|VV 



Xlli°°(i/ ;BMO(iQo)) 



< cA. 



Proof. We start with the estimate on Az": 

On lQ \ Ol we have |V 2 z| < M%{\ V 2 z|xi Q() ) < A. Since z = z^ on 
\Qq \ 0%, we get \\Az^\\ Loo ^i Qo ^ ^ < A. Since the family {\Qi} i&x covers 
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\Qo n O", it remains to prove ||Az™|| ioo ,2g.j < c A for every i G X. On |Qj 
we estimate 

Az^ = A ( <Pjbj) = E A ( h i " h *)) • 



The properties of ipj and the fact that rj ~ (PW3) for j G j4j imply 

V(hj - hi) 



sup |Az"i < c 



sup 



sup 



hj - hi 



+ sup 



It follows by the interior regularity properties of harmonic functions that 
sup|Az"|<c ^2 SU P / — |hj — hj| dxdt. 



BiCiBj 



Since hj — h^ = z,- — Zj and j G -Aj we have 



sup |Az"| < c ^ sup + 



dx. 



The one-dimensional Sobolev-Poincare inequality on Ij, the parabolic scaling 
rj, = ar B , and Jensen's inequality give 



sup |Az"| < c 



dxdt + a 4- \dtZj \ dx dt 



dx dt I + a 



^ l^zj-^dardtj 



An application of Lemma 12.51 (|2.12|) and (|2. 13|) imply for A > Aq 



sup |Az"| < c ^ 



7 Q i 



iV^fdxdtJ + «(^ |H| CT dxdtJ J <cA. 



Overall, we have shown ||Az"|| Loo ^ig o ^ < cA. The boundedness of / h4 
V 2 A- X from L°°(±5 ) to BMO(±B ), LemmaESJJ (I2TTB|) and A > A imply 



|V 2 z^)|Ibmo(I£ ) <c\\Az« x (t)\\ LxilBo) + c( j |V 2 z^r 



dx 



< C ||Az^(t)|| Loo(|Bo) +c 



<c\ + c\q<c\. 



j |V 2 zf dx 



for almost all i G which proves the claim. 



□ 
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The core of the presented way to truncate a function is that we can 
control its timederivative. We first show it is well defined. 

Lemma 2.11. For all s G (1, oo) and A > Ao 

« \\dt(z - Za)II^(Iq ) < c (||V 2 z|| La( i Qo) + a ||H|| Ls( i Qo) ) . 

Moreover, dt(z — z") = ^ ig j ^t(Vi z i) *"it/i convergence in L s (^Qq). 
Proof. We estimate 

J \^2d t (tpiZi) dxdt<cY^^2 J \dt((fjZj)\ s dxdt, 



iei 



where we used (P W4) The estimates on <pj and zj in Lemma 12.51 imply 



J \d t (fiZi)\ s dx dt < c ^ ^ J 



3^3 



/ 




* dx dt + J 


\d t Zj\ s dx dt) 




or? 


9 ^ 





a 



3^3 



|V 2 z| s dxdt + / |H| s dxdt 



(2.22) 



This and the previous inequality imply 

|^a t (^z 4 )| S dxdt < ca- s ||V 2 z||^ ( , Qo) + C ||H||^ (|Qo) . 



/ 



This proves the estimate and also the convergence of the sum. 



□ 



The next lemma will control the time error we get when we apply the 
truncation as a test function. 

Lemma 2.12. For all ( G C£°(±Q ) with HV^IL < c and A > A 
d t {z-z a x )A((z a x )dxdt 



< ca~ l \ 2 \0% 



where the constant c is independent of a and A. 

Proof. We estimate with Lemma 12.101 Lemma 12.91 and A > Ao 

II A (C^)|| Lct ' ( iq o) <c||Az^|| iCT , ( i Qo) + C r - 2 ||z^|| L1( i Qo) 

< cA + cr - 2 ||z|| LCT( i Qo) 

< cA. 
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Using dt(z — z") = Yliei Qti^i^i) in F s (^Qq), Jensen's inequality and the 
previous gives 



(I) 



J d t (z-z a x )A((z a x )dxdt 

i_ 

\dt(ViZi)\ a dxdtY (^J |A(Cz^)r'dxdt 

Qi Qi 

< c\^2 \Qi\l J \dt(<PiZi)\ a dx dt j . 

With ||23S1> . and we get 

(I) < c\J2\Qi\( (a^i { \V 2 z\ a dxdtY + 



j \H\ a dxdt^j 

Qj 



< ccrt 2 ^ < ca' x \ 2 \Q 

iei 



using in the last step the locally finiteness of the {Qi}- 



□ 



Theorem 2.13. Let 1 < p < oo with p,p' > a. Let w m and H m satisfy 
<9 t Aw m = — divdivH m in the sense of distributions TJ'(^Qq), see (|2.7p . Fur- 
ther assume that w m is a weak null sequence in L p {\Iq]W 2,p {\Bq)) and a 
strong null sequence in L a (\Q Q ). Further, assume that H - n , — Hi m ~t~ H-2.m 
such that Hi i?ra is a weak null sequence in L p ' (Qo) and ~H-2,m converges 

strongly to zero in L°"((5o)- Define z m := AA7 2 Aw ra pointwise in time on 

2 

Then there is a double sequence (X m ,k) C M + and /cq € N such that 



(a) 2 2 ' <A m , fc <2 



2 fc+i 



such that the double sequence z m ^ '■= z" m, t ' with a m ^k '■= £ satisfies the 
following properties for all k > feo 



W {vfe / z} c a 



o 



(d) || V 2 Z m] fc|| LOO( -i / 0i BMO(|Bo)) - c ^rn,k, 

(e) z m ^ — >■ and Vz m ^ —> in L°°(^Qo) / or w, — > 00 and fixed. 



(7j V 2 z mi fc — m L s (|(5o) /or all s < 00 for m — > 00 and k fixed. 
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(g) We have limsup || V 2 z mjfc xo m , fc || LP( i Qo) <c(\ p k \O m ^^ 



(7iJ We Aave /or a// ( e Cq^Qo) 

y (<9 t (z m - z m>fc )) A(Cz mjfc ) dxdi 



lim sup A: 



m— ¥00 



'm,k 



|Cm,fe| < C2 fc SU P ( 
m 



|V 2 z m || p + c||Hi, m ||^- 



Proof. Let us assume that A mj fc satisfies (a) We will choose the precise val- 
ues of A mj fc later. Due to Lemma [231 we have z m — in L p (^Iq; W 2 ' p (\Bq)); 
this is due to the fact that the operator w 1— > AA7 2 , Aw = z is linear and 

continuous in L p (\l ; W 2 > P {\B Q )). Then the properties [£b)J [(c)] and [(d)] 
follow from Lemma 12.101 Moreover, Corollar 12.31 ensures that the strong 
convergence in L a (^Qo) transfers from w m to z m . By Lemma 12.91 we get 



the same for z m ^ (fixed k). Also due to (c) the sequence V 2 z mi fc is for fixed k 



and s bounded in L s (\Qq). The combination of these convergence proper- 



ties implies by interpolation (e) Moreover, the boundedness of V z m k i n 



L s {\Qo) implies the weak convergence of a subsequence. Since (e) 



ensures 



that the limit is zero, we get by the usual arguments the weak convergence of 
the whole sequence. This proves [(f)] Moreover, |(h)| follows by Lemma 12.121 
and the choice of a m 



The claim of (g) is a consequence of the following calculations for K € 
L p \lQo). Let M and Af" define the space maximal functions 



(Mf)(x) 



sup / l/l dy, (M*f)(x) := sup / \f - (f) B \dy. 

B B 



Then by [SteQ.j IV, Section 2] we have 



K : V z m ,kX a m.,k dxdt 



-Yj XiQ ( ,|K||V 2 z mifc |xQ l d2;dt 

i J 

< C E/ M U Ql nlQ \ K \) Mt (\^m,k\)dxdt. 
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Using [(d)] and the L p '-boundedness of M we prove (g) by 



J K : V 2 z m fe xo m , fe dxdt <cA m . fc J^ J M(x Q . n i Qo |K|) dx dt 

<c\ m . k Y,\Q*\H I M (x Q ^Q \K\f 'dsdi) 



<cA m . fe ^|Qi|p( / |K| p 'dxdtV 

< in 



^ cIIkIIlp'ciqo)^,*! ™.* 



It remains to choose 2 2k < X m ^k < 2 2fe+1 such that (i) holds. We divide 



O m ,k = {Ma m ' k (xiQ |V 2 z m;fc |) > A m;fc } U {a mjfc A^" m ' fc (xiQ |H m |) > A mifc } 
C {M* m - k ( X i Qn \V 2 z m ,k\) > A m , fc }U{a mifc M^ fc ( X i Qn |H lim |) > ±A m , 



3^ 

U {a m ,fcX° m ' fc (xiQ |H 2im |) > ^A mjfc } 



--: IUII U III. 



Define 



i 

p-i 



Then by the boundedness of A4 a on IP and IP' (using p, p' > a) we have 
\\g m \\ p < ||X" m ' fc (xi Qo |V 2 z m |)|| + ||(2X> fc (xiQ () |H lim |))^i|| 



<c||V 2 zJ| +c||Hi JK- 1 . 



Let K := sup m (||V 2 z m || p + c ||Hi >m ||£ \ 
formly in k. Note that 



In particular, ||<7 m || p < ^ uni- 



IU II = {MT' k {xi Qo \^m,k\) > Vfci U {(^r' fc (xi Qn |H ljm |))— > A 



C {Mv m > k (xL Qo \V 2 z m , k \) + (2A1^ fc ( X i Qn |H m |))— > A m , fc } 



\5m > ^m,k}- 
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We estimate 



J \g m \ p dx = J J ^ p_1 X{| gm |>t} dt dx > J l 2k X{\g m \>2^} dx 

Rn + 1 R«+l R™+! feeN 

>EE V|{|« 7m |>2 fc + i }|. 

For fixed m, j the sum over k involves 2 3 summands and not all of them can 
be large. Consequently there exists \ m ,k £ {2 2k+1 , . . . , 2 2fc+1 }, such that 

Kn,k\{\9m\>\ m ,k}\ < c2- k RP 

uniformly in m and /c. This proves 

X p mik \l U I/| < A^ fc |{ 5m > A m , fe }| < c2~ k K p . (2.23) 
On the other hand estimate with the weak-L°" estimate for JvQ m ' k we gain 
limsup (x p mk \III\) = limsup (a^ k \{a m , k M^ k {x± Qo \H-2, m \) > \X m ,k] 



< limsup (cA^ fc ||H 2 , m ||2 CT( -in n -)( a m,fc/Am,A;) CT )- 



Since 2 2fc+1 < A m , fc < 2 2fe+ \ a m , fc = A^ and H 2 > m -> in L CT (±Q ), it 
follows that 



limsup (x p mtk \in\)=o. 



This and (|225|) prove (i) □ 



Theorem 2.14. Let 1 < p < oo toit/i > cr. Let u m and G m sat- 
is/?/ dtu m = — divG m in the sense of distributions T>' div (Qo). Assume that 
u m is a weak null sequence in L p (Iq; W 1,p (Bq)) and a strong null sequence 
in L a (Qo). Further assume that G m = Gx,m + G2, m such that Gi >m is 
a weak null sequence in LP (Qq) and G2, m converges strongly to zero in 
L a {Qo)- Then there is a double sequence (A m> fc) C K + and ko £ N with 

(a) 2 2k < A m , fc < 2 2fc+1 

such that the double sequences u m u '■= u? m,fe € L l (Qo), a m k '■= A 2 "? and 
O m) fc := 0" m ' fe ' (defined in Theorem \2.13\) satisfy the following properties for 
all k > ko 

(b) u mjfc G L s (j/o; ^Q.divd^o)) /° r al1 s < °° and supp(u mjfc ) C gQ - 
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(c) \y m ,k = u m a.e. on ±Q \ O m . k . 

(d) || Vu m) /j|| Loo ^i / 0] BMO(iB )) - c ^ m , k > 

(e) u mj fc — > in L°°{\Qq) for m — > oo and k fixed. 



(f) Vu mj fc — in L s (jQq) for all s < oo for m — > oo and k fixed. 

(g) IimsupA^ fc |O m , fc | < c2~ k . 

(h) We have limsup ||Vu m fcXc 



m,fe|liP(|Q ) 



<c(\* k \O m , k 



(i) limsup 



m—>oo 



G m : Vu m , fc da; dt 



Proof. We define pointwise in time on Jo 

u m := 7u m - Bog Bo ^i Bo (V7 • u m ), 



' III 



'-'III 



curl u 



in ■ 



AA^ 2 Aw m , 

5<2o 



where 7 G C^°((5o) with Xln — — XQ - Then we apply Theorem 12.131 to 
the sequence z m . Finally, let 

u mjfc := curl(Cz mjfc ) + curl(C(w m - z m )), (2.24) 

where £ G Co°(|Qo) with XIq < C < XIq - This means on |Qo we have 

Ura,i; = U m + CUrl(z mi fc Z m ). 

Note that curl(w m — z m ) is harmonic (in space) on \Qq. This allows us 
to estimate the higher order spaces derivatives on \Qq by lower order ones 
on t^Qq. This, (|2.24|) and Theorem 12.131 immediately imply all claimed 



properties except of 
The claim of (h) 



(h) and (i] 



follows exactly as (g) in Theorem 12.131 



Let us prove (i) It follows by simple density arguments, that u m ^ is an 
admissible test function for the equation <9ju m = — divG m . We thus get 



/ 



G m : Vu m ^ dx dt 

d t u m u m h dx dt 



(5 i curlw m )curl(Cz mjfc ) dxdt + J (3fCurlw m )curl(C(w m - z m )) dxdt 
(d t z m ) A (Cz m ,jfc) dxdt - J (d t z m )A(C ( w m - z m ) ) dx dt 



--■T l +T 2 . 
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Here we took into account curlcurlw m = — Aw m (due to divw m = 0) and 
Aw m = Az m . By assumption G m is bounded in L a (Qo). 

Using regularity properties of harmonic functions (for w m — z m ) as well 
as Lemma 12.51 and Lemma |2. II we get (after choosing a subsequence) 



/|A(C(w 



m ) 



dx dt 



< c r Q - ! -/ | w 



< cr 



-2 



(/ 

7 



3+a 

3a \ 3a" 

z m 1 3+<T dx dt 



3+a 

3a \ 3a 

|w m | 3+<T dxdt 



< cr'n 



\u m \ dxdt 



as m — >• oo. 



Since additionally 9fZ m is uniformly bounded in L CT (i(5o) by Lemma [2? 
we get T2 — >• as m — > 00. 
Furthermore, we have 

Ti = y (5 t (z m - z mi fc))A(Cz OT)fc ) dxdt + y (<9 t z mi fc)A(Cz m) fc) dxdt =: Ti^ + T] 



where the first term can be bounded using Theorem 12.131 (h) So it remains 
to show that 

Ti j2 := J (d t z m)k )A((z m)k ) dxdt — >0 asra^oo. 



We have 



Ti }2 = - J ^d t (\Vz m ^\ 2 )(dxdt + J (9 t z mjfc )div(VC <S> z m ,k) dxdt 
= J ^|Vz mifc | 2 9 t Cdxdt + y (3 t z miA .)div(VC0z mjfc )dxdt 



The first term is estimated by Theorem I2.13|(e)[ For the second we use 
Lemma 12.51 (s = a), Lemma 12.111 to find 

|<9iZ mifc ||div(VC <S> z m>fc | dx dt 



<r( J G, 



+ I V z m I dx dt 



Vz m)fc + Zm^l' 7 dxdt 



Now because G m and V 2 z m are uniformly bounded in L°"(|Qo) we find by 



Theorem EH (e), that 



lim T\ 2 = 0, 

m— >oo 



which proves the claim of (i) 



□ 
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The following corollary is useful in the application of the solenoidal Lip- 
schitz truncation. 



Corollary 2.15. Let all assumptions of Theorem \2.14\ be satisfied with £ 6 



Co°(gQo) with xi Qo < C < XI 



as m 



the proof of Theorem \2.14\ If 



additionally u m is uniformly bounded in L co {Iq,L' t {Bq)), then 



lim sup 



: Vu m )(x c dxdt 

J m.k 



< c2- k / p . 



Proof. We start with (i) of Theorem 12.141 



lim sup 



G m : Vvi dx dt 



<c\ p ,\O mik \<cT 



(2.25) 



Recall that u m;fc = curl(Cz m)fe )+curl(C(w m -z m )). We have z mjfe , Vz m>A . 
in L°°(iQo) by Theorem 12. 131 for m — >• oo and k fixed. Since u m is a strong 
null sequence in L (7 (Qq) and is bounded in L°°(Io,L (T (Bq)) we get u m — > 
strongly in L s (Iq, L a (Bo)) for any s £ (1, oo). By continuity of the Bogovskh 
operator we get the same convergence for u m . Now, Lemma 12.11 implies 
w m = curl -1 ^ -» in L s (I Q ,W 1 ' a (R 3 )). Using z m := AAJ^ Aw m and 

Corollary 12.31 we also get z m -> in L s (/ , W 1,<T (1R 3 )). Since z m - w, m 
is harmonic on jQo, 

wc have z m — w m -> in L S (I , W 2 > s (\Bq)). These 
convergences imply that 



Vu 



m,k 



CVcurlz m k + a m fc , 



with a mi fe — >• in L s (^Qq) for m — > oo and fc fixed. This, the boundedness 
of G m in L a {\Qq) and (|2.25|) imply (using s > o 7 ) 



lim sup 

m— >oo 



J(G m : Vcurlz TO>fe )Cdxdi 



< c2- k . 



Since G m = Gi jm + G 2 , m , G 2 , m -> in L CT (±Q ) and z mifc ^ in L & \\Qz) 
for m —■ oo and fixed, we get 



lim sup 

m— >oo 



y (Gi >m : Vcurlz mife )Cdxdt 



< c2- K . 



(2.26) 



The boundedness of Gj. m in 

L p \\Qo) and Theorem [2J3][(i)1 proves 



lim sup 



: Vcurlz m) fc)CX0 m ,* dxdt 



< c2~ k / p . 



This and f)2.26f) yields the assertion. 



□ 
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Remark 2.16 (The higher dimensional case). For general dimensions, the 
solenoidal Lipschitz truncation is best understood in terms of differential 
forms. We start with u as given in (|2.2p . Now, we have to find w such that 
curlw = u and divw = 0. Let us define the 1-form a on W 1 associated to 
the vector field u by a := ^ Uidx 1 . Then we need to find a 2-form u such 
that d*uj = a and du) = 0, where d is the outer derivative and d* its adjunct 
by the scalar product for k-forms. Similar to w = curl _1 u = curlA _1 u 
we get uj by 10 := dA^a. Since, we are on the whole space A^ 1 can be 
constructed by mollification with c|x| 2 ~ ra . Thus, we have 

uj{x) = (dA- l a)(x) = d^2 ( J \-2 d y) dxi - 

1 R™ ^ 

Let us explain how to substitute the equation <9fAw = — curldivG, see (|2,6p . 
Instead of test functions ip with div-0 = we use the associated 1-forms 
j3 = Yli^idx 1 with d*/3 = 0. Thus there exists a 2-form 7 with d*j = 0. 
Then 

(d t u,iP) = (dta,P) = (5 t d*a;,d*7} = (dtdcTu^) = {-d t Auj, 7 }, 

where we used —A = dd* + d*d and da = in the last step. Note that 
—A applied to the form uj is the same as —A applied to the vector field of 
all components ofui. Now we define w as the associated vector field (with 
(2) components) of uj and we arrive again at an equation for dtAw. This 
concludes the construction; the rest can be done exactly as for dimension 
three. The restriction p > | in Section^ will change to 



3. Application to generalized Newtonian fluids 

In this section we show how the solenoidal Lipschitz truncation can be 
used to simplify the existence proof for weak solutions of the power law 
fluids. We are able to work completely in the pressure free formulation. 

Theorem 3.1. Let p > §, Q := (0, T) xfl, f £ £ P '(Q) and v G L 2 (Cl). 
Then there is a solution v G L°°(0, T; L 2 (Q)) n L p (0,T;W^ iv {n)) to 

J S(e(v)) : e(<p) dx dt = J f • (p dx dt + J v <g> v : e(<p) dx dt 



+ J vdtfdx dt + J VQ(f(0) dx 
Q n 

for all<peC™ div ([0,T)xn). 



(3.1) 
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Proof. We start with an approximated system whose solution is known to 

Vdiv' 



exist. Let v m G £9(7; W^^B)) H 7°°(7; L 2 {B)) be a solution to 



/ S(e(v)) : e{ip)dxdt + — [ \s{v)\ q - 2 e(v) : e(<p) dx dt (3.2) 
J rn J 

Q Q 

= J i-tpdxdt + j v <g> v : e(<p) dxdt + /" v9 t y?dxdt + J vo<£>(0)dx 
Q Q Q n 

for all tp G C ^ div ([0,T) x fl), where g > max {^,p}. 

Due to the choice of q the space of test functions coincides with the 
space where the solution is constructed and the convective term becomes a 
compact perturbation. The existence of v m is therefore standard and can 
be proved by monotone operator theory. Since we are allowed to test with 
v m , we find 



l\Wm(t)\\ 2 L 2 



+ J j S(e(v m )) : e(v m )dxds + J f \e(v m )\ q dx dt 



on on 



= ^ll v o!li2 + J J i:v m dxds. (3.3) 
o n 

for all t G (0,T). By coercivity and Korn's inequality we get 

J S(e(v m )) :e(v m )dxdt >c(J |Vv m | p dx dt - lj 
Q Q 

thus 

v ra|||oo( 0jT;L 2) + ||Vv m || P) Q < c. (3.4) 

Hence we find a function v G L p (0, T; W 1 J' iv (il))n7 oo (0,T; 7 2 ($7)) such that 
for a subsequence 

Vv m -Vv inL p (Q), 

v m A v in L°°(0, T; L 2 (Q)), (3 . 5) 

-|e(v m )r- 2 e(v m )^0 in7«'(Q), 
m 

Since S(e(v m )) is bounded in D>' (Q) by ([331), there exist S G 7 P '(Q) with 

S(e(v m ))^S mLP'(Q). (3.6) 
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Let us have a look at the time derivative. Prom equation (|3.2p we get the 
uniform boundedness of $tv m in L p (0, T; (Wq'^j (fi))*) and weak conver- 
gence of (?iV m to <9(V in the same space (for a subsequence). This shows 
by using the compactness of the embedding W Q % (0) L^(f2) for some 
(J2 > 1 (which follows from our assumption p > |, resp. p > ^fe) and the 
Aubin-Lions theorem Lio69( | that v m — > v in L a (0,T,L^(Q)). This and 



the boundedness in L°°((0, T); L 2 (0)) imply that for some <r > 1 

v m -> v in L s (0, T; L 2 ° (O)) for all s < oo. (3.7) 
As a consequence we have 

v m ® v m -> v <g> v in L s (0,T;L a (n)) for all s < oo. (3.8) 
Overall, we get our limit equation 

J S : e((p) dx dt = J f-(pdxdt + J v®v:e(<p) dxdt 
Q Q Q 

+ J vdtfdx dt + J vo<p(Q) dx 



(3.9) 



Q 



for ah>eC ~ iv ([0,T) x O). 

All of the forthcoming effort is to prove S = S(e(v)) almost everywhere. 
We start with the difference of the equation of v m and the limit equation. 



J (v m -v)-d t (pdxdt + J (S(e(v m )) - S) : V^dxdt 

Q 

= j (v m ®v m -v ®v + m~ 1 \e(v m )\ q ~ 2 e(v m )) \Vipdxdt (3.10) 



for all ip G C^ div ([0,T) x O). We define u m := v m - v. Then by fl32) 

u m -0 inLP(0,r ; <; d p iv (O)), 

u m ^0 mL 2a (Q). (3.11) 

u m -0 mL°°((0,T;L 2 (ft)). 

Thus, we can write (|3.1U|) as 

J u m -dt<pdxdt= J H m :V(pdxdt (3.12) 

(0,T)xQ (0,T)xQ 



2G 



for all ip € C^ div (Q), where H m := H 1>m + H 2 , m with 
Hi, m := S(e(v m )) - S, 

H 2 , m := v m <g> v m - v <g> v + m -1 |e(v m )| 9-2 e(v m ). 
Moreover, (|3.5p and (|3.7p imply 



IH 



l,m Hp' 



< c 



as well as 



H 



2,m 



in L a (Q). 



(3.13) 



(3.14) 



Now take any cylinder Q <s (0, T) xfi. Now, (j3TTT]) . ([342]) . (^T3l) and (^T4l) 
ensure that we can apply Corollary 12.151 In particular, for suitable £ £ 
Co°(lQo) with XIq <C<Xiq Corollary [2JJ3 implies 



lim sup 

m— >oo 



/ (Hi m : V(v m - v))CXc,c dxdt 



< c2 



In other words 



lim sup 

m— >oo 



J ((S(e(v m ))-S) iV(v m -v)y Xe fi mh teto 



-k/p 



Now, the boundedness of S(e(v)) and S in L p (\Qq) and Theorem 12.14 l[(h)| 
and 



S) g lves 



lim sup 



< c2- k / p . 



(S - S(e(v))) : V(v m - v) Cx c dx dt 
This and the previous estimate imply 

limsup /f(S(e(v m ))-S(e(v))) : V(v m -v))Cx c dxdt 
Let 6 £ (0, 1). Then by Holder's inequality and Theorem 12. 14l[(h)] and 

limsup / ((S(e(v m )) - S(e(v))) : V(v m - v))\ X o m . k dxdt 

This, the previous estimate and Holder's inequality give 



limsup / ((S(e(v ro ))-S(e(v))) :V(v m -v)) Cdxdt<c2 



For k — y oo the right hand side converges to zero. Now, the monotonicity of 
S implies that S(e(v m )) — > S(e(v)) a.e. on |Qo- This concludes the proof 
of Theorem 13.11 

□ 
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4. Solenoidal truncation — stationary case 



In this section we show how the solenoidal Lipschitz truncation based 
on the curl-representation works in the stationary case. This pro vides a 
simplified approach to the solenoidal Lipschitz truncation in |BDF12l |. which 
was based on local Bogovskh projections. 

Let us start with a ball B C M 3 and u € W 't(B) with s € (l,oo). 
Since u is solenoidal, we can define w := curl~ u. According to (|2,3|) . 
dZ3D and we have w £ W 2 ' S (R 3 ) with ||Vw|| s < ||u|| s and || V 2 w|| s < 
||V 2 u|| and divw = 0. Since curlcurlw = —Aw + Vdivw = —Aw and 
curlw = u = on 1R 3 \ B, it follows that w is harmonic on M 3 \ B. 

For A > define 0\ := {M(V 2 w) > A}, where M is the standard non- 
centered maximal operator, i.e. Mf(x) := sup B / Bx f B , \ f\ dy (the supremum 
is taken over all balls B' C M 3 containing x). As in Section [2] there exists a 
Whitney covering {Q{\ (of balls) of 0\ with: 

(wi) LUlQi = o x , 

(W2) for all i € N we have 8Q, t C O x and 16Q; n (M 3+1 \ O x ) + 0, 

(W3) if QiCiQj ^ then \rj < n < 2r, and [Qj n Qj] > c max{|Q J |, \Qk\}- 

(W4) at every point at most 120 3+2 of the sets 4Qi intersect, 

where r, is the radius of Qj. 

For each Qj we define A, := {j : [~l Q; ^ 0}. Note that #A { < 120 3+2 
and rj ~ for all j E A{. With respect to the covering {Qi} there exists a 
partition of unity {(fi} C (^(R 3 ) such that 

(PI) X| Ql < <Pi < X§ Qi > 

(P2) Ej = EjeA, = 1 on Q 4 , 

(P3) |^| + r;|V^| +r?|VVi| < c 

Then the solenoidal Lipschitz truncation of u is pointwise defined as 

„ . /EjeN^K^Wj) inO A , 
u a — s . . (.4.1; 

I u elsewhere, 

with Wj := IIq .w, where IIq d enotes the first order averaged Taylor poly- 
nomial on Qj, see BS94L IDR07J ]. We begin with some estimates for w. 

Lemma 4.1. For all j € N and k € N mt/i n Qfc / we Ziawe 

(a) f Qj |^p| ,1, + f Qj dx < c J,, |V 2 w| ,1,. 

(b) f Q . |V 2 w| dx < cA. 
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(c) \\Wj - WfeH^^j < cf Q , |W - Wj\ dx + cf Qk |w - w fc | dx. 

(d) ||wj - w fc || L0O(g } < cr?A. 



Proof. The first part (a) is just a c onseque nce of the classical Poincare esti- 
mate and the properties of IIq , see DR07I . Lemma 3.1]. The second part |(b)| 

follows from Qj C IQQj and WQj n 0\ / 0, so f lgQ , |V 2 w| dx < A. 

Part (c) follows from the geometric property of the Qj. If Qj fl Qk ^ 0, 
then IQj-nQfcl > c max{|Qj|, This and the norm equivalence for 

linear polynomials imply 

llwj - w fc || LOO(Qj) < c j \wj - w fc | dx 

< jwj — w| dx + cj- |w — wjfc| dx. 
Qj Qk 
Finally, |(d)| is a consequence of (c) , (a) and |(b)[ □ 

Lemma 4.2. There exists c$ > such that A > Ao := c$(j- B \Vu\ s dx) = 
implies 0\ C 25. 

Proof. Let x G M 3 \ 2B. We have to show that x ^ 0\. We will show that 
f B , |V 2 w| dx < c (j- B |Vu| s dx) » for any ball B' containing x. 
First, assume that B' D B ^ 0. Then > c |-B| and 



i i 



j | V 2 w| dx < c f j^jl S (j l Vu ! S dxV < c ^ | Vu| s dx^j 

B' B B 

where we used Holder's inequality and ||V 2 w|| s < c||Vu|| s by ()2.5p . 

Second, assume that B' C\B = 0. Let B" denote the largest ball with 
the same center as B' such that B" R B = 0. Then \B"\ > c|5|. Since 
w is harmonic on I 3 \ fi, it follows by the interior estimates for harmonic 
functions, ||V 2 w|| s < c||Vu|| and \B"\ > c\B\ that 

j \V 2 w\dx <c(^j |V 2 w| s dx^ S <c^|Vu| s dx^\ 

B' B" B 

This proves the claim. □ 

We can conclude now, that u\ is a global Sobolev function. 
Lemma 4.3. We have for A > Ao 

u A - u = ^curl(^-( Wj - w)) e W^(2B), 

jen 

where the sum converges in Wq' l (2B). In particular, u A € W^{2B). 
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Proof. The proof is similar to BDF12 . IDKS12I ]. Note that the conver- 
gence will be unconditionally, i.e. irrespectively of the order of summa- 
tion. Obviously, the convergence holds pointwise. Since A > Ao, it follows 
by Lemma 14.21 that Qj C 0\ C 2B. In particular, each summand is in 
Wq ,1 (2B). It remains to prove convergence of the sum in W ' (2B) in the 
gradient norm. We will show absolute convergence of the gradients in L l . 
The estimates for ifi and Lemma 14.11 (a) imply 



J |Vcurl(^(wj - w))| dx < c J |V 2 w| dx < c ||V 2 w| 



L 1 (2B)- 



Now V 2 w G U 



proves the claim. 



□ 



The following theorem describes the basic pr operties of the Lipschitz 
truncation. It is a combination of the techniques of [DMS08I . IkDFi1IdKS12T |. 



Theorem 4.4. If u G W^ iv {B) and A > A , then u A G W^ v (2B) and 



l,oo 



(a) uj=uoni 3 \ 0> 



\{M(V 2 w) > A}. 



(b) 1 1 ua 1 1 ,j < c ll u ll g f or 1 < Q < 00 provided u G L q (B). 

(c) UVu^ll^ < c ||Vu|| for 1 < q < oo provided u G Wq ,<1 (B). 

(d) |Vu^| < c\\Ox + I^ u Ixr 3 \Oa — c ^ almost everywhere for all A > 0. 



Proof. We will use the representation of Lemma 14.31 The claim (a) follows 
from supp((/?j) C 0\. We estimate as in the proof of Lemma 14.21 



^curl^Wj - w)) 



q 3 , 



+ [V(Wj - w)| 9 dx 



— C Yl j l^ W | 9 < C Hu||g 



using the properties of the averaged Taylor polynomial, see [DR07I . Lemma 3.1] 
and (123]). Similarly, with (pH>|) 



V^curl^wj - w)) 



< c 



jwj — w| g |V(wj — w)| 



„2g 



- C E/ |V 2 w| 9 dx < c||Vu||«. 
This and the representation of Lemma FOl prove |(b)| and (c^ 



|V 2 w|' ? dx 



30 



Let us show (d) It suffices to verify |Vu>| < cA on 0\, since on M 3 \Oa 
we have |Vu| < M(Vu) < M(V 2 w) < A. For leNwe estimate 



|Vu A | 



L°°{Q k ) 



^2 Vcml(<pj(-Wj -w fc )) 



/y-IIWj - w fe || Loo(Qj) < cA, 



where we used X^gy u Vj = ^ on Qk, inverse estimates for linear polynomials 



and Lemma 14.11 (d) Now 0\ = [J k Qk proves |(d) 



□ 



The following theorem is an application of t he Lipschitz truncation t o 
weak null sequences. It is similar to the results in [DMS08I . [BDFli . IDKS lj . 
which were used to prove the existence of weak solutions. 

Theorem 4.5. Let 1 < s < oo and let u m G ^odiv(^) ^ e a wea ^ ^o'div 
null sequence. Then there exists jo G N and a double sequence \ m j G M with 
2 2j < A m j < 2 2J+1 ~ 1 such that the Lipschitz truncations u m j := u.\ m . have 
the following properties for j > jo- 

(a) u m j G W '^° Y (2B) and \i m j = u m on R 3 \ O m j for all m G N, 
where O mJ := {M(V 2 (curr 1 u m )) > X mJ }. 

(b) llVumjUoo < c\ m j for all m G N, 

(c) u m j — > for m — >• oo in L°°(fi), 

(d) Viimj for m — »■ oo in L°°(Q), 

(e) For all m,j G N holds \\\ m ,jXO m j \\ s < c(q) 2~* || Vu m || s . 

Proof. The proof is almost exactly as in [BDFll |PKS12| once we have 
Theorem 14.41 We only use additionally the continuity properties of curl -1 , 
see (|2.4p and (|2.5p . We therefore omit a detailed proof. □ 
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